We propose a scheme to perform basic gates of quantum computing and prepare entangled states in a system with cold trapped ions located in a single-mode optical cavity. General quantum computing can be done with both the motional state of the trapped ion and cavity state being qubits. We can also generate different kinds of entangled states in such a system without state reduction, and can transfer quantum states from an ion in one trap to an ion in another trap. The experimental requirements for achieving our scheme are discussed.
Introduction
Both cavity QED and cold trapped ion systems have attracted much attention over past decades, due not only to the fundamental interest in the physics involved but also in some potential applications, such as quantum information processing [1] . Entangled states between atoms and cavity [2] , between ions' internal states and motional states [3] , and between the internal states of different ions [4] have been experimentally achieved. If we combine the cavity QED technique with the ion trap one, for example by placing the ion trap into an optical cavity, the problem becomes more interesting because it involves three quantum degrees of freedom: namely, the ion's internal levels, the phonon field of the trap and the photon field of the cavity [5] . It is of great importance in the field of quantum information to study entanglement with three quantum degrees of freedom as well as the information transfer between one of them and another. In early papers, Zeng and Lin [6] proposed a technique to generate nonclassical vibrational states of cold trapped ions in a harmonic trap located in an optical cavity. Buzek et al [7] and Luo et al [8] investigated independently the quantum motion of a cold trapped ion interacting with a quantized light field. Parkins and co-workers [9] also studied the coherent transfer between motional states and quantized light in detail. More recently, a similar approach emphasized the production of Bell states between motional states of a trapped ion and quantized light [10] . If we consider entanglement to be an important source of quantum information processing, all the works referred to above have clearly shown that this kind of source does exist in the ion-trap-cavity system, though none of them have shown specifically how to use this source for processing quantum information.
Various proposals have been put forward for using the internal states of cold atoms in cavities or in ion traps as qubits for performing quantum computing and quantum communication [11] . In some proposals, motional states of the trapped ion are employed as qubits [12] . Recently, two proposals [13, 14] were presented which involve the ion-trap-cavity system for robust quantum computing against decoherence by means of large detuning between the cavity state and the internal states of the trapped ions. In fact, if the cavity decay can be effectively used, entangled states can be prepared in the cavity [15] and the cavity system would become a node of a quantum communication network [16, 17] . But in this paper, we only consider the ideal case without decoherence, and focus on the construction of controlled-NOT (CNOT) and Hadamard gates in the system with a single ion confined in a trap which is in its turn located in a high-Q cavity [5] , by employing the motional state of the ion and the cavity state as qubits. To show the usefulness of the quantum gates we present, our model is extended to two traps, with a single ion confined in each trap, placed in the same high-Q cavity. As each trapped ion is coupled to the same cavity state, we can prepare entanglement and transfer states between these two subsystems of trapped ions. The experimental requirements for achieving this scheme are discussed.
Quantum computing in a system of a single trapped ion in the high-Q cavity
Consider a single cold ion confined in the ion trap which itself is located in an optical cavity. We assume that the cavity mode, together with classical standing waves of lasers, couples to the internal and vibrational states of the ion, as discussed in [7, 8, 10] . The Hamiltonian in units ofh = 1 can be written as follows:
where W = Gη L , = η c g cos φ and = g sin φ. Therefore, by adjusting the laser or cavity frequency, we can obtain different time evolutions of states in the system. In what follows, we only list some of them, which we will use for constructing quantum computing gates and preparing entangled states.
For case 1,
for case 2,
for case 4,
for case 6,
for case 7,
where the subscripts a and b denote the states of photon and phonon respectively. |g and |e are ground and excited internal states of the ion respectively, and m, n = 0, 1, . . .. With the above time evolutions of states for different cases, we can construct Hadamard and CNOT gates in the system, which are basic elements of a general quantum computing [18] . We first try to implement CNOT gate between | a and | b . If the internal state of the ion is prepared to the ground state, by performing operations R ) is the time evolution of case 7 with t = 3π 2 , we have
|g |00 ab → |g |00 ab → |g |00 ab → |g |00 ab (7) which is the CNOT gate with | a and | b being control and target states respectively. Similarly, to perform the CNOT gate with | b and | a being control and target states respectively, we combine H ) sequentially, we have
So further single-qubit rotation is needed to eliminate the prefactor i when the final result of the motional state of the ion is |1 b .
For implementing a Hadamard gate of | a , we also need to initially prepare the internal state of the ion to the ground state. By performing operations R
The Hadamard gate of | b can be obtained similarly by
). Therefore, general quantum computing can be done with bosonic qubits, i.e. with the motional state of the trapped ion and the cavity state being qubits. However, it is more meaningful if we consider a system with more trapped ions in a cavity. Therefore in the next section we discuss how to use the above quantum computing gates to transfer states and prepare entangled states in the case that two trapped ions are coupled to the same cavity state.
Quantum communication in a system of two trapped ions in a high-Q cavity
Suppose that there are two separate traps placed in the same high-Q optical cavity with a single ion confined in each trap. If Coulomb interaction between the two ions is weak enough, and the two subsystems of trapped ions are identical, we can obtain equations (2)-(9) for the two subsystems respectively, where the cavity state | a plays the role of connection between these two subsystems. Although we only focused our attention on two bosonic qubits in the last section, we will investigate in this section how to make entangled states and state transfer with all quantum degrees of freedom involved. 
The state transfer shown above is made through coupling to the cavity state, instead of the direct interaction between the two trapped ions. ) sequentially will yield
Briefly speaking, the above swapping involves three steps, i.e. quantum information transferring from ions' internal states to corresponding motional states, then swapping between motional states of the two ions, and then quantum information transferring from ions' motional states to corresponding internal states. [20] . Suppose that the initial state of the system is the same as that of equation (10) . By first performing operation R
Application 2. Preparation of Greenberger-Horne-Zeilinger (GHZ) state
), then CNOT ab1 and CNOT ab2 respectively, we have
The GHZ state prepared here is different from that in [7] . This is more interesting because we can control the entanglement of the GHZ state by preparing the initial state of ion 1. If many trapped ions are located in the same cavity, we can obtain a GHZ state with many qubits using this idea.
Application 3. Entanglement of the two trapped ions.
After obtaining the GHZ state presented in equation (12), we perform a CNOT b1a . Then we have
If we want to have other types of Bell states, we can implement Hadamard gates of | b1 and | b2 respectively on the above state, which yields
By choosing values of C = ±iD, we can obtain different Bell states between the motional states of two trapped ions, which could be useful in future teleportation experiments with massive particles involved. Similarly, we can have entanglement between the internal states of two ions. Suppose we start from |e 1 (C|0 + D|1 ) b1 |g 2 |0 b2 |0 a with |C| 2 + ) sequentially will yield
Discussion and conclusions
To some extent, our scheme is similar to the well known model proposed by Cirac and Zoller [21] , in which some cold ions, confined in a linear ion trap and radiated by laser beams individually, interact with each other by coupling to the common vibrational motion. In contrast, in our scheme, if we perform swapping operations of S ab alternatively in the two traps, it is easy to obtain
That means that by coupling the cavity state we can have quantum computing on motional states of trapped ions. Compared with [21] , we have an additional degree of freedom, i.e. internal states of the ions for storing quantum information. This quantum information storage can be easily done by state transfer from motional states of ions to corresponding internal states. To the best of our knowledge, our work is the first scheme to allow for quantum computing in the computational space spanned by ions' motional states and the cavity state. It should open a new way to perform quantum computing on bosonic qubits. Another distinguishing feature of our scheme is that only two levels of each ion are employed in our model, which is important for avoiding any detrimental effect from the fluctuation of the external magnetic field [22] .
From the above results, we know that the phase factor φ plays a very important role in our scheme. If ion traps are located at the node of the standing wave of the cavity field, as in [10] , then no case 7 would appear, and therefore it would be impossible to have the general quantum computing presented above. Moreover, we point out that all the entangled states presented in the last section are prepared without any measurement. This is important because sometimes it is difficult to make measurement 3 , and sometimes we do not want to have state reduction if preparation of entangled states is in the course of quantum information processing. Furthermore, both motional states of ions and the cavity state are more susceptible to decoherence than internal states of ions. So the accomplishment of the desired operations should be much faster than in former schemes with internal states of atoms being qubits. Suppose that g = 2π × 3 × 10 7 Hz [23] ,
, then the time for accomplishing a CNOT ab gate, a CNOT ba gate, a Hadamard gate of | a and a Hadamard gate of | b are respectively 1.5 × 10 −7 , 7.8×10 −6 , 4.2×10 −6 and 6.8×10 −6 s. For more clarity, some numerical results are presented in figure 1 , which shows the variation of implementation time of different quantum gates with respect to g and G. Experimentally, the decoherence time for the motional state of a cold trapped ion is about 10 −3 s [24] . However, the decay time of the optical cavity is on the microsecond time scale. This means that, even if we neglect the delay time between any two adjacent operations which are used to change the laser frequency or cavity frequency for obtaining different interactions, our scheme cannot work well with current experimental techniques. Therefore, to implement our scheme, a more advanced technique is required to prolong the decay time of the optical cavity, to enlarge the coupling coefficients g and G, and to reduce the time delay between any two adjacent operations. We have seen some proposals to increase the value of G in the so-called strong-excitation regime of the trapped ion [25] , although no experimental results have been presented so far. We also note the latest development of microwave cavity experiments in which the decay time of the cavity mode is as long as 0.2 s [26] . Moreover, to reduce the time delay, one may use different lasers with different frequencies, instead of changing the frequency of a single laser. Nevertheless, to reduce the performance time of our scheme to be shorter than the decoherence time of the cavity is a big challenge for achieving our scheme experimentally. If we suppose that there is no error in our operation, as the lifetime of the motional state of the ion is much longer than the performance time of our quantum gate, decoherence of the cavity state is the only factor to affect the fidelity of our proposed gate. As a simple assessment, we present a numerical treatment for the fidelity of CNOT ba performance with respect to the decoherence time of the cavity state, as shown in figure 2 . For simplicity, we assume that the cavity photon decay happens in the last step concerning R I 4 (π/2). By means of the method in [27] , we find that our scheme works well as long as the implementation time is half the time of the cavity photon decay.
In conclusion, we have considered an ideal situation of the ion-trap-cavity system and proposed an interesting scheme for performing quantum computing and quantum communication in the system with trapped ions placed in a high-Q optical cavity. The entangled states including Bell states and GHZ state can be prepared without state reduction. In principle, this model can be generalized to the case of many trapped ions in the same high-Q optical cavity. However, by using the current cavity technique, with an increase of the cavity size to contain more trapped ions, the coupling coefficients g would decrease. This is also the challenge for the achievement of some quantum computing schemes with semiconductor quantum dots [28] . Nevertheless, once our scheme is achieved, as the traps interact with each other through coupling to the same cavity state, we can have a network of quantum information processing. If the decaying effect of both motional states of the ion and the cavity state are considered and suitably used, the treatment would be more complicated, but more interesting. In particular, if cavities were to be connected with each other by quantum wires, the system under consideration here would be a workable node of a larger quantum network. We have noticed the first experimental report of an ion-trapcavity system with single atomic quantum bit confined [29] . With the rapid development of experimental technique, we believe that our proposal should be of interest to the exploration of quantum information processing.
